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Abstract 

The magnetic field redefinition in Jain's composite fermion model for the frac- 
tional quantum Hall effect is shown to be effectively described by a mean-field 
approximation of a model containing a Maxwell-Chern-Simons gauge field non- 
minimally coupled to matter. Also an explicit non-relativistic limit of the non- 
minimal (2+l)D Dirac equation is derived. 
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Since the introduction of the Chern-Simons (CS) term in the Lagrangean of planar 
Electrodynamics [1], it has been used in many aplications, and probably the most suc- 
cessful of them was the establishment of a connection between CS theory and fractional 
statistics [2], mainly when applied to the physics of the fractional quantum Hall effect 
(FQHE) [3]. Moreover, the two space dimensions open the possibility for a natural in- 
clusion of a non- minimal (Pauli-type) coupling [4, 5, 6] 1 , as it will be briefly reviewed 
below. These two terms — CS and non-minimal coupling — are induced by radiative 
corrections [1, 5] in planar QED, which is a sufficient motivation for including them in 
the bare Lagrangean. In addition, however, some interesting connections between these 
two terms were also observed in the scalar theory: when a non-minimal coupling is as- 
sumed in the Lagrangean, a CS term is generated by spontaneous symmetry breaking [7] 
and fractional statistics may be achieved even without an explicit CS term, either in the 
non-relativistic limit [8] or in the relativistic one [9]; a CS counter-term cures (at one- 
loop 2 ) the non-renormalizability of a non-minimal term [11]; and, as well, a non-minimal 
coupling cures [12], at least in the non-relativistic limit, the singularity problem of the 
scalar Maxwell-Chern-Simons (MCS) theory, which were pointed out before, by Ref. [13]. 
Not restricted to the scalar theory, but also valid in the fermion one, other important 
results are the vortex solutions in MCS gauge theory, both in Abelian and non-Abelian 
cases, and both relativistically or not, which were made possible by the inclusion of a 
non- minimal coupling [12]. 

Another motivation for considering a non-minimal MCS theory is the success of Jain's 
composite fermion (CF) model for the FQHE [14], in which each electron is assumed to 
have an even number of magnetic flux quanta (or fluxons) attached to it, an idea brought 
up by the connection between CS theory and statistics transmutation mentioned above. 
A CF is a "particle" with charge and flux. Since, in two space dimensions, the magnetic 
flux and the magnetic dipole moment have the same dimension (= mass -1 / 2 in a h = c = 1 
unit system) 3 , a CF may be viewed as a "particle" with both charge and magnetic dipole 
moment, just as in a Pauli-type non-minimal coupling scheme and thus some similarity 
between these two models would not be much surprising. Indeed, a relation between the 
CS term and a fluid of particles having a charge and a magnetic moment was stablished 
in Ref. [15]. That work also showed the interaction between the currents of such particles 
and the gauge field to be equivalent — up to a surface term — to a Pauli-type one. 

In order to implement a non-minimal coupling, one first notes that while in (1+3) 
dimensions the dual F^ v = \e^ VKX F K \ of the electromagnetic field F K \ is a second-rank 
tensor, on the other hand, in (1+2) dimensions, it is a vector, = |e MftA F KA , and thus 

1 Even for the case of spin zero (scalar) matter [4, 5, 6]. 

2 At two loops, the renormalizability is still kept, but only for a certain value of the non-minimal 
coupling constant [10]. 

3 It is worth stressing that this is a peculiarity of two space dimensions. It is not valid in (1 + 3) 
dimensions, where the magnetic flux is mass and the magnetic dipole moment is mass -1 . Indeed, the 
main result of the present work — built up in two space dimensions — is in accordance with the idea of 
identifying these two quantities. 
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the minimal covariant derivative 



D^ = d^ + iqA^ (1) 
may be generalized to a non-minimal one, 

Dfj, = <9 M + iqA„ + igFp, (2) 

where g is the planar analogue of the magnetic dipole moment, which couples non- 

minimally with the magnetic field 4 . Indeed, since = (—B,—E y ,E x ) = (—B,—E), 
the equation above splits in components as: 

D = ^- t +tq^-tgB (3) 

and 

Di = di- iq(A)i + igEi. (4) 

To obtain the Schrodinger equation for an electron subject to an electromagnetic field, 
one proceeds as usual, substituting d = d t with D Q (or, equivalently, summing the term 
g$ — gB to the Hamiltonian) and di with Di, these substitutions being readily seen to be 
equivalent to the minimal prescription, except for the following changes: 

$ -> $ - -B (5) 



and 



which, due to the definitions 5 : 



and 



imply that: 



(A) t -> (A), - 9 -E h (6) 



B = Vx A = e ij d i {A) j (7) 



E -Vrf, (8) 



dt 



B -> £' = £ + | (V • (9) 



and 



E —> E' = E + - I VB + ^ I , (10) 



/U„ dE 



the Lorentz force preserving its form. 



dt 



4 Notice that the derivative (2) behaves like a covariant one, since the non-minimal term is gauge 
covariant, by definition. 

5 It is worthwhile to remark that Eq. (7) is a scalar one. 
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Performing the substitutions described above, one easily obtains the Schrodinger equa- 
tion for the electron wave function ip(x,y,t): 



dip 



p — qA + gE^j 



o$ + qB 

q 2M y 



W>, (11) 



where M is the electron mass, p = — iV is the canonical momentum and —gB plays the 

role of a magnetic dipole energy The term involving gE was shown in Ref. [8] to give rise 
to an Aharonov-Casher phase in the scalar theory 6 . Now, a good issue is to write down the 
(2+l)-dimensional Dirac equation using the same non- minimal covariant derivative and 
verify whether its non-relativistic limit differs from equation above by some extra term(s), 
as it occurs with Pauli term in the minimal (3+l)-dimensional well known case [16]. This 
question is already positively answered in Refs. [4, 5, 6], but rather exploring the peculiar 
properties of the (2+l)-dimensionality than by means of the explicit use of the (2+1)- 
dimensional Dirac equation, which seeems to be lacking in the literature and will be 
performed below 7 . 

From Dirac equation, (ry M .D M — M) \I/ — 0, with the covariant derivative (2) and a 
two-component Dirac spinor \1/ = (ip' x') T ( m view of the three spacetime dimensions), 
one obtains: 

= i*-> B >(x)- 2M { x ) + *-{$) + *'{7)- (12) 

where ((p' x') = e ~ vPX)i ^ = i^yi —^x) and rr = p — qA + gE is the kinetic momentum. 
The following representation of the gamma matrices was used: 7 = a z , 7 1 = io x and 
7 2 = ia y , the cr's being the usual 2x2 Pauli matrices. 

In the non-relativistic and weak field limits (2M, 7^ 3> id t) gB), the second 
equation above reads: 

X = m , (13) 

where n± = tt x ± in y , showing that x is negligible compared to ip. Substituting (13) in 
the first component of Eq. (12), one obtains: 

& = U- g B + !=Z±) v , (14) 




dt V 2M 

which, after the proper substitutions and using [pi, f] = —i(dif), yields the non-relativistic 
limit of the (2+l)-dimensional Dirac equation with a non-minimal coupling to an Abelian 

6 Bcsides the Aharonov-Bohm phase generated by the — qA term, as usual. 

7 In Ref. [8] , this procedure is undertaken for the scalar theory but the fermion field is considered only 
after a dimensional reduction of the (3+l)-dimensional Dirac equation. 



4 



vector gauge field: 

fp-qA + gE) 2 B 

+ A gB - J- (V-E) \u>. (15) 

y 9.M 9M y 9.M V y f ^ v ; 



9^3 



In the Hamiltonian inside the brackets of Eq. (15), one recognizes the first term as 
the usual electric charge-field energy; the second one is a generalization of the usual 

kinetic energy, with the kinetic momentum now given by p — qA + gE; the third and 
fourth terms respectively are the (2+l)-dimensional Pauli term and a tree-level anoma- 
lous magnetic moment contribution as described in Refs. [4, 5, 6]; and the last one as an 
electric quadrupole moment interaction, which deserves deeper interpretation, but is in- 
deed much more surprising (for a point-like particle) than the magnetic dipole term itself, 
once for the latter there exists the appeal to the particle spin as the usual interpretation 8 . 
Equation above is equal to the first component of the 2-component spinor Eq. (21) in 
Ref. [8], derived from the non-relativistic limit of the (3+1) -dimensional (4-component) 
Dirac equation with a Pauli term, by means of a dimensional reduction. However, the 
equation above seems more natural to describe a planar particle, which does not have 
two spin degrees of freedom, but just one. Nevertheless, it is interesting to know that 
the directly (2+l)-dimensional approach adopted here can describe essentially the same 
physics as the dimensional reduction of the "real" (3+l)-dimensional world. 

The gauge field, A^, will be assumed to be governed by a MCS action, which generates 
the following Euler-Lagrange field equations [1]: 

V-E-mB = p (16) 

Vx£=— (17) 

f)f? 

VB -mE = J+ — , (18) 
at 

where: 

Vi = eijVj = eijdj (19) 

Ei = e ij E j = -F i = F i (20) 

J" = (P,J)- (21) 

These equations do not take into account the electromagnetic fields generated by 
the magnetic dipoles g. This is an approximation which is in accordance with the fact 
that the applied magnetic field in a Hall bar is much stronger than those fields 9 . Other 

8 Although even this argument fails in the scalar case, for which the anomalous magnetic moment term 
remains, as already mentioned above. 

9 Otherwise, the Lagrangian and the corresponding field equations would be respectively [17]: C = 

+ f^ KX A^d K A x - - ne^J^Ax; V • E - mB = p - M V • J; V x E = -«f ; and 

VB-mE = J+^+p (Vp + ff) , where p = g/q. 
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approximations will be made, all of them consistent with the mean fields inside a Hall 
bar: it will be assumed p = (locally neutral specimen) and magnetic and electrical fields 
constant with time. Hence 

V -E = mB (22) 
VB = mE- J. (23) 

In a Hall bar, electric and magnetic fields are also uniform, but the unconventional 
MCS equation (22) does not allow it to be true with respect to the electric field. Indeed, 
the connection between charge and magnetic flux (which is more evident after an area 
integration of (16) ) is a well-known characteristics of (M)CS theory, and both the mag- 
netic field and electrical charge may be viewed as a font of E. However, Eq. (23) enables 

the magnetic field to be kept as uniform, provided the condition mE = J is satisfied, 
which is nothing but the identification of the CS parameter m with the Hall conductivity, 
another well-known result of CS theory, which is thus also valid in MCS Electrostatics 
(plus a uniform magnetic field). 

The conclusion is that, in a Hall bar, a particle which possesses both an electric charge, 

— * 

q, and a magnetic dipole moment, g, subject to electric and magnetic fields E and B, 
may be thought of as a particle with the same charge, q, but no magnetic dipole moment, 
'feeling' the following modified fields of Eqs. (9) and (10): 



D = D -f- ... 

and 



B ' = B + 9 -(y ■ E) = B [l + ^\ (24) 



E' = E, (25) 

where Eqs. (22) and (23), along with VB = 0, were used. 

Now, a similar result of Jain's CF model for the FQHE [14] will be mentioned: it also 
refers to a redefinition of the magnetic field: 

B* = B - 2np e o , (26) 

where B is the external magnetic field, experienced by the electron; B* is the effective 
magnetic field seen by the CF (an electron with an even number of magnetic fluxons 
attached); n is a positive integer; p e is the mean electron (area) density; and 0o is the 
fluxon value (or the magnetic flux quantum), O — hc/e, or O — 27r/e in h — c — 1 unit 
system. 

Since a CF is endowed with both an electric charge and a magnetic flux (which, as 
already pointed out, in (1+2) dimensions has the same unit as a magnetic dipole mo- 
ment), an analogy emerges between the quantities {B ,B*} and respectively the quan- 
tities {B',B} in Eq. (24) above. Indeed, from Eqs. (26) and (24), the equality between 
these two pairs of quantities is possible if one assumes that (q = — e): 

m = -—n. (27) 
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An important quantity in the QHE is the so-called filling factor v e = p e <p /B (or, 
identifying B with B' and using O = 27r/e, v e = 2np e /eB'). It corresponds to the 
number of occupied Landau levels, or, more precisely, the ratio between the number of 
electrons and the degeneracy of each Landau level. An equivalent quantity is defined 
for the CFs [14]: v CF = p e (p /B* (or v CF = 2np e /eB), where u C f and B* (or B, as 
proposed here) may be both positive, or both negative, depending respectively whether 
the magnetic fields B and B* are parallel or antiparallel. From these two definitions and 
Eq. (26), a relation is derived [14] between v e and u C f- 



\vcf\ 



2n \vcf\ ± 1 ' 



(28) 



where the upper (lower) sign corresponds to B and B* being parallel (antiparallel). 
Now consider the system of CFs with quantized Hall conductivity, i.e., 

m = ^-n* = — n*, (29) 
h 0o 

with n* a positive integer, which is nothing but the absolute value of the CF filling factor: 
\vcf\ = n*. This quantization may be accomplished by means of, for example, Laughlin's 
argument [18] applied to the CF system. In this case, Eq. (28) gives: 

"• = 2^±T- < 30 > 

which coincides with almost all experimentally observed values of the (electron) Hall 
conductivity on = {e 2 /h)v e in the fractional QHE, constituting one of the successes 
of Jain's model. Because of this relation, the CF model is known as a description of 
the fractional QHE of the (interacting) electrons as an integer QHE of the (free) CFs. 
The possible equivalence between this feature of Jain's model and the non-minimal MCS 
model described above (in mean field approximation), expressed in proposition (27), is 
enforced by the fact that, in the case of the fractional QHE (i.e., integer QHE for the 
CFs, m = (e/0oK), Eq. (27) leads to: 

g = T2n<f) , (31) 

in agreement with the idea in Jain's model that an even number of fluxons corresponds 
to the value of the CF magnetic dipole moment. Of course, the path undertaken until 
here could be inverted and Jain's redefinition (26) would be derived from Eq. (31). In 
other words: one assumes g = =F2n0 o m the non-minimal covariant derivative (2), as a 
description of particles with charge and magnetic moment (the CFs). Then, assuming that 
the gauge field, A^, is governed by MCS equations in a mean field approximation (Eqs. (22- 
23)), the redefinition of the magnetic field given by Eq. (24) leads to B' = B^f2n(f)omB/q, 
where B' is the magnetic field as seen by particles with the same charge as the CFs, but 
with no fluxons attached (thus, the electrons themselves). Finally, one uses Eq. (23) in 
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the static case and with a uniform magnetic field to identify the CS parameter m with 
the Hall conductivity, which, if quantized as in Eq. (29), leads, along with q = — e and 
n * — \ u cf\ = Pe^o/ \B\, to Jain's equation (26), with B (B') playing the role of B* (B ). 

It is noticeable that the interesting result above has been obtained with very simple 
(mean field) approximations on the fields inside a Hall bar. However, it would not be 
attainable if a single of the following assumptions made here were not satisfied: (i) planar 
physics (which permits the identification of the dimensions of g with that of (fio, and 
allows for the existence of the CS term); (ii) CS term (if m = 0, Eq. (24) does not 
redefine the magnetic moment as in Jain's model); (iii) non- minimal coupling (idem for 
g); (iv) Maxwell term (in order to the divergence of the electrical field to be present in 
Eq. (16)). Of course, additional investigations are needed in order to discover to which 
extent the non-minimal MCS Electrodynamics yields correct results for the FQHE. One 
of them, already under study, is to relax the restrictions concerning the fields and consider 
the flutuactions in p, by means of a full quantum field theory, assuming (for example) 
Dirac (spinor) matter fields. Another calculation, not related to the QHE, but which may 
yield useful results is the electromagnetic field produced by an accelerated charge, in a 
non-minimal coupling, classical MCS theory. Some interesting results, such as violation 
of Huygens principle, were already obtained in [19] under a minimal coupling scheme. It 
will be studied whether the non-minimal coupling introduces new features. Probably a 
kind of dipole field will arise. Finally, we mention that more quantitative data, concerning 
the minimal MCS classical theory, will be published in Ref. [20]. 
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